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Abstract: It is shown that there exists a duality among fields. If a field is dual to
another field, the solution of the field can be obtained from the dual field by the duality
transformation. We give a general result on the dual fields. Different fields may have
different numbers of dual fields, e.g., the free field and the φ4-field are self-dual, the φn-field
has one dual field, a field with an n-term polynomial potential has n + 1 dual fields, and
a field with a nonpolynomial potential may have infinite number of dual fields. All fields
which are dual to each other form a duality family. This implies that the field can be
classified in the sense of duality, or, the duality family defines a duality class. Based on
the duality relation, we can construct a high-efficiency approach for seeking the solution of
field equations: solving one field in the duality family, all solutions of other fields in the
family are obtained immediately by the duality transformation. As examples, we consider
some φn-fields, general polynomial-potential fields, and the sine-Gordon field.
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1 Introduction
In this paper, we show that there exists a duality between fields. Furthermore, we show
that the duality can serve as a method of solving field equations.
Consider a scalar field with the potential V (φ). The Lagrangian is
L = 1
2
∂µφ∂
µφ− 1
2
m2φ2 − V (φ) (1.1)
and the field equation is
φ+m2φ+
∂V (φ)
∂φ
= 0. (1.2)
It will be shown that the field with the potential V (φ) may have dual fields determined by
some other potentials.
A field may have different numbers of dual fields. A φn-field has one dual field, a field
with an n-term polynomial potential has n + 1 dual fields, a field with a nonpolynomial
potential may have infinite number of dual fields, and there are also self-dual fields. Dual
fields form a duality family; all fields in the family are dual to each other. This allows us
to classify fields based on the duality: a duality family forms a duality class.
The duality can serve as a high-efficiency approach for seeking the solution of field
equations. The duality relation relates a field and its dual field, so the duality relation can
be used to find the solution of a field equation from the solution of the field equation of
its dual field. In a duality family, if one field in the family is solved, then the solution of
all other fields in the family can be obtained immediately by the duality transformation.
Concretely, we construct the dual field of the φn-field, the general-polynomial-field (V (φ)
is a general polynomial of φ), and the sine-Gordon field.
In physics, the duality plays an important role. The duality bridges two different
physical systems and reveals inherent relations in physics. Various dualities are found in
many physical problems. The S-duality (strong–weak duality) relates a strongly coupled
theory to an equivalent theory with a small coupling constant, such as the duality between
two perturbed quantum many-body systems [1], the (2+1)-dimensional duality of free Dirac
or Majorana fermions and strongly-interacting bosonic Chern-Simons-matter theories [2],
the electric-magnetic duality [3–5], the duality of higher spin free massless gauge fields [6],
the duality in the couple of gauge field to gravity [7], and in string theory [8, 9]. The
AdS/CFT duality has been found in many physical areas [10–14]. The fluid/gravity duality
bridges fluid systems which is described by the Navier-Stokes equation and spacetime which
is described by the Einstein equation [15–27]. The gravoelectric duality is another duality
of spacetime [28–32]. In string theory there is an T-duality [33, 34].
In section 2, we consider the duality of the φn-field. In section 3, we consider the
duality of the general polynomial potential. In section 4, we consider the duality of the
sine-Gordon field. In section 6, we discuss an approach of the construction of dual fields. In
section [? ], we give a general result on dual fields. In section 7, we provide some examples.
The conclusion is given in section 8. Moreover, we add an appendix on the solution of field
equations.
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2 The φn-field
In this section, we consider the duality of the φn-field.
2.1 The duality
Two scalar fields φ (xµ) and ϕ (yµ) with the potentials
V (φ) = λφa, (2.1)
U (ϕ) = ηϕA (2.2)
are dual to each other if
2
2− a =
2−A
2
. (2.3)
The dual fields are related by the following duality relations:
φ→ ϕ a2−a , (2.4)
xµ → 2
2− ay
µ, µ = 0, 1, . . . (2.5)
and
λ→ −G, (2.6)
G→ −η, (2.7)
where
G =
1
2
∂µφ∂
µφ+
1
2
m2φ2 + λφa, (2.8)
G = 1
2
∂µϕ∂
µϕ+
1
2
m2ϕ2 + ηϕA (2.9)
are two Lorentz scalars corresponding to φ and ϕ, respectively.
The duality relation can be verified directly.
The field equation of the potential (2.1) is
φ+m2φ+ aλφa−1 = 0. (2.10)
The duality transformations (2.4) and (2.5) give
φ→ 2− a
2
ϕ
a
2−aϕ+
a
2
ϕ
2
2−a
−2
∂µϕ∂
µϕ. (2.11)
Substituting the transformation (2.11) into the field equation (2.10) gives
2− a
2
ϕ
a
2−aϕ+
a
2
ϕ
2
2−a
−2
∂µϕ∂
µφ+m2ϕ
2
2−a + aλϕ
2(a−1)
2−a = 0. (2.12)
The coupling constant λ in the potential V (φ), by the duality transformation (2.6), is
replaced by:
λ→ −
(
1
2
∂µϕ∂
µϕ+
1
2
m2ϕ2 + ηϕA
)
. (2.13)
Using the duality relation (2.3), we arrive at the field equation of ϕ,
ϕ+m2ϕ+AηϕA−1 = 0. (2.14)
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2.2 Solving field equations by means of the duality
The duality relation bridges various fields and can serve as a method of solving field equa-
tions. Once a field equation is solved, its dual field is also solved.
It can be checked that the field equation with the potential (2.10) has an implicit
solution (Appendix A):
βµx
µ +
∫ √−β2√
2
(
1
2m
2φ2 + λφa −G)dφ = 0, (2.15)
where βµ is a constant.
Substituting the duality transformations (2.4) and (2.5) into the solution (2.15) gives
βµy
µ +
∫ √−β2√
2
[
1
2m
2ϕ2 +
(
−Gϕ− 2a2−a
)
− (−λ)
]dϕ = 0. (2.16)
This is just a solution of the field equation with U (ϕ) = −Gϕ− 2a2−a . By the duality relations
(2.3), (2.6), (2.7), and Eq. (2.9), we can see that this is the solution of the field equation
(2.14):
βµy
µ +
∫ √−β2√
2
(
1
2m
2ϕ2 + ηϕA − G)dϕ = 0. (2.17)
3 The general polynomial potential
In this section, we consider the duality between the field with general polynomial potentials.
The general polynomial is a superposition power series containing arbitrary real-number
powers.
3.1 The duality
Two scalar fields φ (xµ) and ϕ (yµ) of the potentials
V (φ) = λφa +
∑
n
κnφ
bn , (3.1)
U (ϕ) = ηϕA +
∑
n
σnϕ
Bn (3.2)
are dual to each other if
2−A
2
=
2
2− a, (3.3)
2− bn = 2
2−A (2−Bn) or
2
2− a (2− bn) = 2−Bn. (3.4)
The dual fields are related by the following duality relations:
φ→ ϕ 22−a , (3.5)
xµ → 2
2− ay
µ, µ = 0, 1, . . . (3.6)
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and
λ→ −G, (3.7)
G→ −η, (3.8)
κn → σn, (3.9)
where
G =
1
2
∂µφ∂
µφ+
1
2
m2φ2 + V (φ) , (3.10)
G = 1
2
∂µϕ∂
µϕ+
1
2
m2ϕ2 + U (ϕ) (3.11)
are two Lorentz scalars corresponding to φ and ϕ, respectively.
The field equation with the potential (3.1) is
φ+m2φ+ aλφa−1 +
∑
n
bnκnφ
bn−1 = 0. (3.12)
The duality transformations (3.5) and (3.6) give
φ→ 2− a
2
ϕ
a
2−aϕ+
a
2
ϕ
2
2−a
−2
∂µϕ∂
µϕ. (3.13)
Substituting the transformation into the field equation (3.12) gives an equation of ϕ:
2− a
2
ϕ
a
2−aϕ+
a
2
ϕ
2
2−a
−2
∂µϕ∂
µφ+m2ϕ
2
2−a + aλϕ
2(a−1)
2−a +
∑
n
bnκnϕ
2(bn−1)
2−a = 0. (3.14)
The transformation of the coupling constant is given by the duality transformation (3.7):
λ→ −
(
1
2
∂µϕ∂
µϕ+
1
2
m2ϕ2 + ηϕA +
∑
n
σnϕ
Bn
)
. (3.15)
Then we arrive at the field equation of U (ϕ) = ηϕA+
∑
n σnφ
Bn with the duality relations
(3.3), (3.4), and (3.9):
ϕ+m2ϕ+AηϕA−1 +
∑
n
Bnσnϕ
Bn−1 = 0. (3.16)
It can be seen from the potential (3.1) that in a general polynomial potential V (φ) =
λφa +
∑
n κnφ
bn , every term in the potential can be chosen as the first term in V (φ) to
play the role of λφa. Different choices give different dual fields. For an n-term polynomial
potential, there are n choices. Therefore, all potentials who are dual to each other form a
duality family with n+ 1 members.
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3.2 Solving field equations by means of the duality
Similarly, the field equation (3.12) has an implicit solution:
βµx
µ +
∫ √−β2√
2
[
1
2m
2φ2 + (λφa +
∑
n κnφ
bn)−G]dφ = 0. (3.17)
Substituting the duality transformations (3.5) and (3.6) into the solution (3.17) and
using the duality relations (3.3) and (3.4), we arrive at
βµy
µ +
∫ √−β2√
2
[
1
2m
2ϕ2 +
(
−Gϕ− 2a2−a +∑n κnϕ 2bn−2a2−a )− (−λ)]
dϕ = 0. (3.18)
This is just a solution of the field equation with U (ϕ) = −Gϕ− 2a2−a +∑n κnϕ 2bn−2a2−a . By
the duality relations (3.3), (3.4), (3.7), (3.8), (3.9), and Eq. (3.11), we can see that this is
the solution of the field equation with the potential (2.14):
βµy
µ +
∫ √−β2√
2
[
1
2m
2ϕ2 + U (ϕ)− G]dϕ = 0. (3.19)
Obviously, for an n-term polynomial potential, once a potential in the duality family
is solved, the other n potentials are immediately solved.
4 The sine-Gordon equation
The sine-Gordon potential is not a polynomial potential. We first expand the sine-Gordon
potential as a power series. Each term in the expansion is a power function, which has a
duality discussed in section 2. Calculating the duality of each term of the series and then
summing up the series give the dual potential of the sine-Gordon potential.
4.1 The duality
The sine-Gordon equation is [35]
φ+
m3√
λ
sin
(√
λ
m
φ
)
= 0. (4.1)
First rewrite the sine-Gordon Lagrangian, L = 12∂µφ∂µφ− m
4
λ
[
1− cos
(√
λ
m φ
)]
, as
L = 1
2
∂µφ∂
µφ− 1
2
m2φ2 − V (φ) (4.2)
with
V (φ) =
m4
λ
[
1− cos
(√
λ
m
φ
)]
− 1
2
m2φ2. (4.3)
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Expanding V (φ) gives
V (φ) = − λ
24
φ4 −
∞∑
n=3
(−1)n
(2n)!
λn−1
m2(n−2)
φ2n. (4.4)
The leading term in Eq. (4.4) is the φ4 term.
First regarding the expansion (4.4) as a polynomial (though it is indeed a series), we can
obtain the dual potential by the duality transformation of the general polynomial potential,
Eqs. (3.3), (3.4), (3.7), (3.8), and (3.9):
A = 4, Bn = 4− 2n, n = 3, 4, 5, . . . ,
η = −G, σn = −(−1)
n
(2n)!
λn−1
m2(n−2)
. (4.5)
The duality transformations here, by Eqs. (3.5) and (3.6), are
φ→ ϕ−1, (4.6)
xµ → −yµ. (4.7)
The potential of the dual field can be obtained by substituting the duality relation (4.5)
into Eq. (3.2) and then summing up the series:
U (ϕ) = −Gϕ4 −
∞∑
n=3
(−1)n
(2n)!
λn−1
m2(n−2)
ϕ4−2n
= −Gϕ4 + m
4
λ
ϕ4
(
1 + cos
√
λ
mϕ
)
− 1
2
m2ϕ2. (4.8)
The field equation of the dual field then reads
φ− 4Gϕ3 + 4m
4
λ
ϕ3
(
1− cos
√
λ
mϕ
)
− m
3
√
λ
ϕ3 sin
√
λ
mϕ
= 0. (4.9)
Different solution of φ gives different G and different G gives different dual potentials.
The expansion (4.4) has infinite terms, so the duality family has infinite members.
4.1.1 The 1 + n-dimensional solution
The sine-Gordon equation (4.1) has a 1 + n-dimensional solution [35]
φ =
4m√
λ
arccot
(
i cot
(
βµx
µ
2
√
−β2
m
))
. (4.10)
Substituting the solution (4.10) into Eq. (3.10) gives
G =
2m4
λ
. (4.11)
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Then the potential of the dual field, by Eq. (4.8), reads
U (ϕ) = −m
4
λ
ϕ4
(
1 + cos
√
λ
mϕ
)
− 1
2
m2ϕ2. (4.12)
The field equation of the dual field is then
ϕ+
4m4
λ
ϕ3
(
1 + cos
√
λ
mϕ
)
+
m3√
λ
ϕ2 sin
√
λ
mϕ
= 0. (4.13)
The solution of the dual field can be obtained by substituting the duality transforma-
tions (3.5) and (3.6) into the solution (4.10):
ϕ =
[
4m√
λ
arccot
(
i cot
(
−βµyµ
2
√
−β2
m
))]−1
. (4.14)
4.1.2 The 1 + 1-dimensional solution
The sine-Gordon equation (4.1) also has a 1 + 1-dimensional solution [36, 37],
φ =
4m√
λ
arctan

 cos
(√
2
2 mt
)
cosh
(√
2
2 mx
)

 . (4.15)
Substituting the solution (4.10) into (3.10) gives
G =
8m4
λ
[
cos
(√
2mt
)
+ cosh
(√
2mx
)
+ 2
]−1
. (4.16)
The potential of the dual field, by Eq. (4.8), reads
U (ϕ) = −8m
4
λ
[
cos
(√
2mt
)
+ cosh
(√
2mx
)
+ 2
]−1
ϕ4+
m4
λ
ϕ4
(
1− cos
(√
λ
mϕ
))
−1
2
m2ϕ2.
(4.17)
The field equation of the dual field is
ϕ−32m
4
λ
[
cos
(√
2mt
)
+ cosh
(√
2mx
)
+ 2
]−1
ϕ3+
4m4
λ
ϕ3
(
1− cos
√
λ
mϕ
)
−m
3
√
λ
ϕ3 sin
√
λ
mϕ
= 0.
(4.18)
The solution of the dual field can be obtained by substituting the duality transforma-
tions (4.6) and (4.7) into the solution (4.15):
ϕ =

4m√
λ
arctan

 cos
(√
2
2 mt
)
cosh
(√
2
2 mx
)




−1
. (4.19)
This is the solution of the field equation (4.18).
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4.2 The duality family of the sine-Gordon field
In the above, by regarding the expansion of the sine-Gordon potential as a “polynomial
potential”, we obtain the dual potential of the sine-Gordon potential. In section 3, we write
a polynomial potential in the form of V (φ) = λφa +
∑
n κnφ
bn , in which the first term
λφa is arbitrarily chosen from the polynomial and the other terms in the polynomial are
incorporated into the sum. However, every term in V (φ) can be chosen as the first term
and different choices lead to different dual potentials. In the following, we give a general
discussion on the dual potential of the sine-Gordon potential by choosing different terms in
the expansion as the first term.
Rewriting the expansion of V (φ), Eq. (4.3), as
V (φ) = −(−1)
χ
(2χ)!
λχ−1
m2(χ−2)
φ2χ −
∞∑
n=2(n 6=χ)
(−1)n
(2n)!
λn−1
m2(n−2)
φ2n, χ = 2, 3, 4 · · · . (4.20)
It can seen that the expansion (4.3) is just the special case of Eq. (4.20) with χ = 2.
Similarly, regarding the expansion (4.20) as a "polynomial", we obtain the dual poten-
tial by the duality transformation of the general polynomial potential, Eqs. (3.3), (3.4),
(3.7), (3.8), and (3.9):
A =
2χ
χ− 1 , Bn =
2 (n− χ)
1− χ ,
η = −G, σn = −(−1)
n
(2n)!
λn−1
m2(n−2)
, n = 2, 3, 4, . . . , and n 6= χ. (4.21)
The duality transformations (3.5) and (3.6) then become
φ→ ϕ 11−χ , (4.22)
xµ → 1
1− χy
µ. (4.23)
Substituting the duality relation into Eq. (3.2) and summing up the series give the
dual potential of V (φ)
U (ϕ) = −Gϕ 2χχ−1 −
∞∑
n=2′
(−1)n
(2n)!
λn−1
m2(n−2)
ϕ
2(n−χ)
1−χ (4.24)
= −Gϕ 2χχ−1 − m
4
λ
ϕ
2χ
χ−1
[
cos
(√
λ
m
ϕ
1
1−χ
)
− 1
]
− 1
2
m2ϕ2. (4.25)
The field equation is then
ϕ− 2χ
χ− 1Gϕ
χ+1
χ−1− 2χ
χ− 1
m4
λ
ϕ
χ+1
χ−1
[
cos
(√
λ
m
ϕ
1
1−χ
)
− 1
]
+
1
1− χ
m3√
λ
ϕ
χ
χ−1 sin
(√
λ
m
ϕ
1
1−χ
)
= 0.
(4.26)
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Substituting the solution (4.10) into Eq. (3.10) gives
G =
2m4
λ
. (4.27)
Then we arrive at
U (ϕ) = −2m
4
λ
ϕ
2χ
χ−1 −
∞∑
n=2′
(−1)n
(2n)!
λn−1
m2(n−2)
ϕ
2(n−χ)
1−χ
= −m
4
λ
ϕ
2χ
χ−1
(
1 + cos
√
λ
m
ϕ
1
1−χ
)
− 1
2
m2ϕ2 −
(
− λ
m4
)χ−1
m2χ
(2χ)!
. (4.28)
The field equation of the dual field then reads
ϕ− 2χ
χ− 1
m4
λ
ϕ
χ+1
χ−1
[
cos
(√
λ
m
ϕ
1
1−χ
)
+ 1
]
+
1
1− χ
m3√
λ
ϕ
χ
χ−1 sin
(√
λ
m
ϕ
1
1−χ
)
= 0.
Substituting the duality relations (4.22) and (4.23) into the solution (4.10) gives the
solution of the dual potential:
ϕ =
[
4m√
λ
arccot
(
i cot
(
− 1
1− χ
βµy
µ
2
√
−β2
m
))]1−χ
. (4.29)
5 Fields with general potentials
For nonpolynomial potentials, like that in the case of the sine-Gordon fields, we can first
expand the potential as a series, then construct the dual field with the help of the duality
relation of the general polynomial potential given in section 3, and sum up the series.
Expand the potential V (φ) as
V (φ) = λφa +
∑
n
κnφ
bn . (5.1)
Using the duality relations (3.3), (3.4), (3.7), (3.8), and (3.9), we obtain the series of the
dual potential,
U (ϕ) = −Gϕ 2aa−2 +
∑
n
κnϕ
2a
a−2
− 2bn
a−2
= −G
(
ϕ
2
2−a
)−a
+
(
ϕ
2
2−a
)−a∑
n
κn
(
ϕ
2
2−a
)bn
. (5.2)
By Eq. (5.1) we have
∑
n κnφ
bn = V (φ) − λφa, so the series in Eq. (5.2) can be summed
up as
U (ϕ) = −G
(
ϕ
2
2−a
)−a
+
(
ϕ
2
2−a
)−a [
V
(
ϕ
2
2−a
)
− λ
(
ϕ
2
2−a
)a]
= −Gϕ 2aa−2 + ϕ 2aa−2V
(
ϕ
2
2−a
)
− λ. (5.3)
This is a general result on dual fields.
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6 Constructing the dual fields from the solution
In this section, we discuss an approach of constructing the dual field from the solution.
In the implicit solution of the field equation (1.2),
βµx
µ +
∫ √−β2√
2
[
1
2m
2φ2 + V (φ)−G]dφ = 0, (6.1)
by writing the duality transformation in the following general form,
φ→ f (ϕ) , (6.2)
xµ → gµ (y) , (6.3)
the solution (6.1) becomes
βµg
µ (y) +
∫ √−β2√
2
[
1
2m
2f2 (ϕ) + V (f (ϕ))−G]f
′ (ϕ) dϕ = 0. (6.4)
In order that Eq. (6.4) is still a solution of a field equation, a simple choice is
gµ (y) = χyµ (6.5)
with χ a constant. Then Eq. (6.4) with the duality transformation (6.5) becomes
βµy
µ +
∫ √−β2√
2
{
1
2m
2χ2 f
2(ϕ)
[f ′(ϕ)]2
+ χ
2
[f ′(ϕ)]2
V [f (ϕ)]−G χ2
[f ′(ϕ)]2
}dϕ = 0. (6.6)
Requiring that Eq. (6.6) is still a solution of the field equation and comparing Eqs. (2.15)
and (6.6), we can choose (1) one of the three terms as the mass term which should be in
proportion to ϕ2, (2) one of the other terms as the constant term, and (3) the remaining
term as the potential term U (ϕ). Different choices give different dual fields.
7 The duality of polynomial fields: examples
In this section, we give some examples of the method of solving the field equation by the
duality transformation.
7.1 The self-duality: free fields and φ4-fields
The self-duality means that the dual field of a field is the field itself. The free field and the
φ4-field are self-dual. This can be seen directly from the duality relation (2.3): if a = 0,
then A = 0; if a = 4, then A = 4.
Take the φ4-field as an example. The field equation of the φ4-field is
φ+m2φ+ 4λφ3 = 0, (7.1)
– 11 –
which has a soliton solution [38],
φ =
im
2
√
λ
tanh
(
αt+ βx1 + γx2 − x3
2
√
4α2 − 4β2 − 4γ2 − 2m2 + δ
)
. (7.2)
For the φ4-field potential, by Eqs. (2.4) and (2.5), the duality transformations are
φ→ ϕ−1, (7.3)
xµ → −yµ. (7.4)
The field equation (7.1) under the duality transformation becomes
− ϕ−2ϕ+ 2ϕ−3∂µϕ∂µφ+m2ϕ−1 + 4λϕ−3 = 0. (7.5)
The coupling constant λ, by the duality relation (2.6) and Eq. (2.9), should be replaced
by
λ→ −1
2
∂µϕ∂
µϕ− 1
2
m2ϕ2 − ηϕ4. (7.6)
Substituting the replacement (7.6) into the field equation (7.5) gives
ϕ+m2ϕ+ 4ηϕ3 = 0, (7.7)
which is the field equation with U (ϕ) = ηϕ4.
The duality transformation of the solution is straightforward. Substituting the solution
(7.2) into Eq. (2.8) gives
G =
1
2
∂µφ∂
µφ+
m2
2
φ2 + λϕ4 = −m
4
16λ
. (7.8)
Substituting the transformations (7.3) and (7.4) into the solution (7.2) and using Eq. (2.7)
give the solution of U (ϕ) = m
4
16λϕ
4:
ϕ = −2
√
λ
im
coth
(
ατ + βy1 + γy2 − y3
2
√
4α2 − 4β2 − 4γ2 − 2m2 − δ
)
. (7.9)
Putting m
4
16λ = η, we obtain the solution of U (ϕ) = ηϕ
4:
ϕ =
im
2
√
η
coth
(
ατ + βy1 + γy2 − y3
2
√
4α2 − 4β2 − 4γ2 − 2m2 − δ
)
=
im
2
√
η
tanh
(
ατ + βy1 + γy2 − y3
2
√
4α2 − 4β2 − 4γ2 − 2m2 + δ′
)
(7.10)
with the constant δ′ = −δ + ipi2 .
7.2 The φ1-field and the φ−2-field
The dual field of the φ1-field, by the duality relation (2.3), is the φ−2-field, i.e., the fields
V (φ) = λφ, (7.11)
U (ϕ) = ηϕ−2 (7.12)
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are dual to each other. The duality transformations, by Eqs. (2.4) , (2.5), and (2.7), are
φ→ ϕ2, (7.13)
xµ → 2yµ, (7.14)
η → −G. (7.15)
For the field φ with the potential (7.11),
G =
1
2
∂µφ∂
µφ+
1
2
m2φ2 + λφ. (7.16)
7.2.1 The 1 + 3-dimensional solution
The field equation of φ, Eq. (7.11), has a solution
φ = exp
(
αt+ βx1 + γx2 + i
√
−m2 − α2 + β2 + γ2x3
)
− λ
m2
. (7.17)
Substituting the solution (7.17) into Eq. (7.16) gives
G = − λ
2
2m2
. (7.18)
Substituting the duality transformations (7.13) and (7.14) into the solution (7.17) and
using the duality relation (7.15), we arrive at the solution of U (ϕ) = λ
2
2m2
ϕ−2:
ϕ =
[
exp
(
2ατ + 2βy1 + 2γy2 + 2i
√
−m2 − α2 + β2 + γ2y3
)
− λ
m2
]1/2
. (7.19)
This is just the solution of the dual potential U (ϕ) = ηϕ−2 with λ
2
2m2 = η:
ϕ =
[
exp
(
2ατ + 2βy1 + 2γy2 + 2i
√
−m2 − α2 + β2 + γ2y3
)
−
√
2η
m
]1/2
. (7.20)
7.2.2 The 1 + 1-dimensional solution
The field equation of φ, Eq. (7.11), has a 1 + 1-dimensional solution,
φ = eαt sinh
(√
α2 +m2x
)
− λ
m2
. (7.21)
Substituting the solution (7.21) into Eq. (7.16) gives
G = − λ
2
2m2
− α
2 +m2
2
e2αt. (7.22)
Substituting the duality transformations (7.13) and (7.14) into the solution (7.21) and
using the duality relation (7.15), we arrive at the solution of U (ϕ) =
(
λ2
2m2 +
α2+m2
2 e
2αt
)
ϕ−2:
ϕ =
[
e2ατ sinh
(
2
√
α2 +m2y
)
− λ
m2
]1/2
. (7.23)
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7.3 The φ3-field and the φ6-field
The dual field of the φ3-field, by the duality relation (2.3), is the φ6-field, i.e., the fields
V (φ) = λφ3, (7.24)
U (ϕ) = ηφ6 (7.25)
are dual to each other. The duality transformations by Eqs. (2.4) , (2.5), and (2.7) are
φ→ ϕ−2, (7.26)
xµ → −2yµ. (7.27)
and
η → −G. (7.28)
The field equation of φ, Eq. (7.24), has a solution
φ = −m
2
6λ
[
3 tanh2
(
αx1 + βx2 + γx3 +
√
4α2 + 4β2 + 4γ2 +m2
2
t
)
− 1
]
. (7.29)
For the field φ with the potential (7.24),
G =
1
2
∂µφ∂
µφ+
1
2
m2φ2 + λφ3 =
m6
54λ2
. (7.30)
Substituting the duality transformations (7.26) and (7.27) into the solution (7.29) and
using the duality relation (7.28), we obtain the solution of U (ϕ) = − m6
54λ2
φ6:
ϕ =
{
−m
2
6λ
[
3 tanh2
(
2αy1 + 2βy2 + 2γy3 +
√
4α2 + 4β2 + 4γ2 +m2τ
)
− 1
]}−1/2
.
(7.31)
We then arrive at the solution of U (ϕ) = ηφ6 with − m6
54λ2
= η:
ϕ =
{
i
√
6η
2m
[
3 tanh2
(
2αy1 + 2βy2 + 2γy3 +
√
4α2 + 4β2 + 4γ2 +m2τ
)
− 1
]}−1/2
.
(7.32)
7.4 V (φ) = λφ3 + κφ and its duality
The massless scalar field with the polynomial potential
V (φ) = λφ3 + κφ (7.33)
has two dual potentials. Taking a = 3 in the duality relations (3.3) and (3.4) gives A = 6
and Bn = 4, i.e., the dual potential is
U (ϕ) = ηϕ6 + σϕ4. (7.34)
Taking a = 1 in the duality relations (3.3) and (3.4) gives A = −2 and Bn = 4, i.e., the
dual potential is
U (ϕ) = ηϕ−2 + σϕ4. (7.35)
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Obviously, the fields with the potentials (7.34) and (7.35) are also dual.
The massless field equation of the potential (7.33) has a solution
φ = i
√
κ
λ
[
2√
3
−
√
3 tanh2
(
αt− x
2
√
4α2 − 2i (3κλ)1/2
)]
. (7.36)
For the field φ with the potential (7.33),
G =
1
2
∂µφ∂
µφ+
1
2
m2φ2 + λφ3 =
2iκ3/2
3
√
3λ
. (7.37)
From the solution of the potential (7.33), we can obtain the solution of its dual potentials,
Eqs. (7.34) and (7.35), by means of the duality relation.
7.4.1 U (ϕ) = ηϕ6 + σϕ4
The duality transformations given by Eqs. (3.5), (3.6), (3.8), and (3.9) are
φ→ ϕ−2,
xµ → −2yµ,
η → −G,
σ → κ. (7.38)
Substituting the duality relation into the solution (7.36) gives the solution of U (ϕ) =
−2iκ3/2
3
√
3λ
ϕ6 + κϕ4:
ϕ = i
√
κ
λ
[
2√
3
−
√
3 tanh2
(
−2ατ + y
√
4α2 − 2i (3κλ)1/2
)]−1/2
. (7.39)
This is the solution of the dual potential U (ϕ) = ηϕ6 + σϕ4 when − 2iκ2
3
√
3κλ
= η and κ = σ:
ϕ =
(
σ
3η
)1/2 [
1− 3
2
tanh2
(
−2ατ + 2y
√
α2 +
σ2
3η
)]−1/2
. (7.40)
7.4.2 U (ϕ) = ηϕ−2 + σϕ4
Similarly, the solution of the potential (7.35) can be achieved by the duality transformations
(3.5), (3.6), (3.8), and (3.9):
φ→ ϕ2,
xµ → 2yµ,
η → −G,
σ → λ. (7.41)
Substituting into the solution (7.36) gives the solution of U (ϕ) = − 2iκ2
3
√
3κλ
ϕ−2 + λϕ4,
ϕ =
[
2i
√
κ
3λ
− i
√
3κ
λ
tanh2
(
2ατ − y
√
4α2 − 2i (3κλ)1/2
)]1/2
. (7.42)
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This is the solution of the dual potential U (ϕ) = ηϕ−2+σϕ4 when − 2iκ2
3
√
3κλ
= η and σ = λ:
ϕ =
( η
2σ
)1/6 3 tanh2

2ατ − y
√
4α2 + 6
(
σ2η
2
)1/3− 2


1/2
. (7.43)
7.5 V (φ) = λφn + κ1φ
2n−2 + κ2 and its duality
The massive scalar field with the polynomial potential
V (φ) = λφn + κ1φ
2n−2 + κ2, n ≥ 3, (7.44)
has the following dual potentials. By the duality relations (3.3) and (3.4), a = n corresponds
to A = 2nn−2 , B1 = −2 and B2 = 2nn−2 , i.e., the dual potential is
U (ϕ) = ηϕ
2n
n−2 + σ1ϕ
−2 + σ2ϕ
2n
n−2 ; (7.45)
a = 2n− 2 corresponds to A = 2n−2n−2 , B1 = 1, and B2 = 2n−2n−2 , i.e., the dual potential is
U (ϕ) = ηϕ
2n−2
n−2 + σ1ϕ+ σ2ϕ
2n−2
n−2 . (7.46)
The fields with the potentials (7.45) and (7.46) are also dual.
The field equation with the potential (7.33) has a solution [38]
φ =
[√
λ2 − 2κ1m2
m2
cos (m (2− n) (t coshα+ x sinhα) + β)− λ
m2
] 1
2−n
. (7.47)
For the field φ with the potential (7.44),
G =
1
2
∂µφ∂
µφ+
1
2
m2φ2 + λφ3 = κ2. (7.48)
From the solution of the potential (7.47), we can obtain the solution of its dual potentials
(7.45) and (7.46) by means of the duality relation.
7.5.1 U (ϕ) = κ1ϕ
−2
The duality transformations given by Eqs. (3.5), (3.6), (3.8), and (3.9) are
φ→ ϕ 22−n ,
xµ → 2
2− ny
µ,
η → −G,
σ1 → κ1,
σ2 → κ2. (7.49)
Substituting into the solution (7.47) gives the solution of U (ϕ) = −κ2ϕ
2n
n−2 + κ1ϕ
−2 +
κ2ϕ
2n
n−2 = κ1ϕ
−2:
ϕ =
[√
λ2 − 2κ1m2
m2
cos (2m (τ coshα+ y sinhα) + β)− λ
m2
]1/2
. (7.50)
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7.5.2 U (ϕ) = λϕ
Similarly, the solution of the potential (7.46) can be achieved by the duality transformation
given by Eqs. (3.5), (3.6), (3.8), and (3.9):
φ→ ϕ 12−n ,
xµ → 1
2− ny
µ,
η → −G,
σ1 → λ,
σ2 → κ2. (7.51)
Substituting into the solution (7.47) gives the solution of
U (ϕ) = −κ2ϕ
2n−2
n−2 + λϕ+ κ2ϕ
2n−2
n−2 = λϕ:
ϕ =
√
λ2 − 2κ1m2
m2
cos (m (τ coshα+ y sinhα) + β)− λ
m2
. (7.52)
8 Conclusion
In this paper, we reveal a duality between fields. The dual fields are related by the duality
relation.
It is shown that fields who are dual to each other form a duality family. For polynomial
potentials, the duality family consists of finite number of dual fields, for nonpolynomial
potentials, e.g., the sine-Gordon field, the duality family consists of infinite number of dual
fields. Some fields, e.g., the free field and the φ4-field, are self-duality.
The existence of the duality family inspires us to classify fields based on the duality. A
duality family is a duality class. In a duality class, the different of fields is only a duality
transformation.
The duality of fields provides a high-efficiency approach for solving field equations.
Once one field equation is solved, all of its dual fields are solved by the duality relation.
That is, in a duality family, we only need to solve one of its member.
As examples, we solve the φ−2-field from the solution of its dual field, φ1-field, solve
the field equation of the dual field of the sine-Gordon field from the sine-Gordon field, etc.
In further work, we will consider the quantum theory of dual fields. For example, the
relation of the Feynman rule of dual fields. Especially, in quantum field theory we will
consider the duality in the heat kernel method [39] and in the scattering spectrum method
[40–42]. In these methods we can calculate the one-loop effective action and the vacuum
energy [43, 44]. We may observe the relation of the one-loop effective action and the vacuum
energy of dual fields. Moreover, we will consider the duality of spinor fields and vector fields.
A A solution of the scalar field equation
In this appendix we show the field equation
φ+m2φ+
∂V (φ)
∂φ
= 0, (A.1)
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has an implicit solution
βµx
µ +
∫ √−β2√
2
[
1
2m
2φ2 + V (φ)−G]dφ ≡ F1 (x
µ, φ) = 0. (A.2)
From the solution (A.2) we obtain
∂µφ = −
∂F1(xµ,φ)
∂xµ
∂F1(xµ,φ)
∂φ
= −
βµ
√
2
[
1
2m
2φ2 + V (φ)−G]√
−β2
. (A.3)
Furthermore, by Eq. (A.3), letting
∂µφ+
βµ
√
2
[
1
2m
2φ2 + V (φ)−G]√
−β2
≡ F2 (xµ, φ, ∂µφ) = 0, (A.4)
we arrive at
φ = ∂µ∂µφ =
∂
∂xµ
∂µφ
= −
∂F2(xµ,φ,∂µφ)
∂xµ
∂F2(xµ,φ,∂µφ)
∂µφ
−
∂F2(xµ,φ,∂µφ)
∂φ
∂F2(xµ,φ,∂µφ)
∂µφ
∂φ
∂xµ
= −∂F2 (x
µ, φ, ∂µφ)
∂φ
∂µφ
= −
(
m2φ+
∂V (φ)
∂φ
)
. (A.5)
This is the field equation (A.1).
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